We calculate the critical exponents for Lorentz-violating O(N ) λφ 4 scalar field theories by using two independent methods. In the first situation we renormalize a massless theory by utilizing normalization conditions. An identical task is fulfilled in the second case in a massive version of the same theory, previously renormalized in the BPHZ method in four dimensions. We show that although the renormalization constants, the β and anomalous dimensions acquire Lorentz-violating quantum corrections, the outcome for the critical exponents in both methods are identical and furthermore they are equal to their Lorentz-invariant counterparts. Finally we generalize the last two results for all loop levels and we provide symmetry arguments for justifying the latter.
I. INTRODUCTION
The concept of universality class is one of the most solid ideas in the theory of phase transitions and critical phenomena. This idea is a formidably and very well experimentally established fact: that completely distinct physical systems as a fluid and a ferromagnet present the same critical behavior and thus share an identical set of critical exponents [1] [2] [3] .
Two or more systems are characterized by equal critical indices or equivalently belong to the same universality class when they have in common: their dimension d, N and symmetry of some N-component order parameter (magnetization for magnetic systems) and if the interactions among their freedom degrees are of short-or long-range type. The O(N) universality class investigated here generalizes the specific models with short-range interactions: Ising (N = 1), XY (N = 2), Heisenberg (N = 3), self-avoiding random walk (N = 0), spherical (N → ∞) etc [4] . The influence of the very intuitive parameters d [5, 6] and N [7] [8] [9] on the critical behavior of many systems was studied. Less intuitive is the effect of the symmetry of the order parameter on the outcome for the critical indices of a given system [10, 11] .
Investigating the latter subject is the intent of this Letter.
The aim of this Letter is to use field-theoretic renormalization group and ǫ-expansion tools for computing the critical exponents for both massless and massive Lorentz-violating (LV) O(N) self-interacting λφ 4 scalar field theories. Nowadays, in the high energy physics scenario, the importance of a LV scalar field theory rests on the possibility of it as a candidate for describing the Higgs sector of the so called LV Standard Model Extension [12] [13] [14] . On the other hand, in the condensed matter physics realm, the critical behavior of a system is a result of the divergent properties, in a standard Lorentz-invariant (LI) scalar theory, of the Landau-Ginzburg Lagrangian density for some N-component self-interacting scalar quantum field. This field is a fluctuating one such that its mean value is proportional to the order parameter of the system. The Lagrangian density necessary for describing the critical properties of the system is composed of just LI and O(N) relevant operators, i.e. operators invariant under the symmetries above whose canonical dimensions, determined by power counting analysis, are less than or equal to four. High composite operators, with canonical dimensions greater than four, could be considered but they give negligible corrections to the critical behavior. These negligible corrections are known as corrections to irrelevant operators [15] [16] [17] . The initially primitively divergent one-particle irreducible (1PI) vertex parts with amputated external legs are then renormalized in a given renormalization scheme.
In a general formalism, universality is expressed by the assertion that the critical exponents are universal quantities, i.e. they are identical if they are obtained in a massless or massive theory renormalized in arbitrary or fixed external momenta although these theories be quite A LV theory emerges when to the LI standard theory it is included the only LV O(N) relevant operator [12] , with canonical dimension equal to four, of the form We perform an identical task by utilizing a massive version of the same theory previously renormalized in four-dimensional space by the counterterm method in minimal subtraction scheme at arbitrary external momenta, namely Bogoliubov-Parasyuk-Hepp-Zimmermann (BPHZ) method [21] [22] [23] . In this case, for obtaining the critical exponents in the same loop level it was necessary the computation of more than fifteen diagrams and counterterms as will be shown. So the first method is much more simplified. At the end, we generalize the calculation of critical indices for any loop level in both methods and present our conclusions.
II. NORMALIZATION CONDITIONS FOR MASSLESS THEORY: CRITICAL EXPONENTS
For determining the quantum corrections to the critical exponents it is necessary considering the divergent properties of a Lagrangian density which describes the system. The
Lagrangian density studied here is that of a LV massless O(N) self-interacting λφ 4 scalar field theory
where φ 0 and λ 0 are the bare N-dimensional vector field in a d-dimensional Euclidean space and the bare coupling constant of the self-interacting field, respectively. The last term in the eq. (1) is responsible for the generation of composite field 1PI vertex parts. In Eq.
(1), all the signs are positive because it is a common sense in Statistical Field Theory to use the theory in the Euclidean spacetime, for the exponentiation of the Lagrangian density looks like the Boltzmann factor of the system in the canonical ensemble formalism, see the reference [24] . In Minkowski spacetime, we would have different signs. The critical exponent ν is furnished by the renormalization of a like mass-term. This is not a problem in a massive theory. But in a massles one, we have to introduce such a composite operator φ 2 ≡ φ(y)φ(y) evaluated at the same point of spacetime generating perturbatively in terms of t 0 the bare composite functions Γ 
where perm. means a permutation of the external momenta attached to the cut external
lines. An internal line with momentum q is the inverse of the free Green function G −1
As we will see explicitly, the vertex functions above are divergent in d = 4 and they will be regularized in d = 4 − ǫ. We renormalize them multiplicatively in a specific scheme where the external momenta of the respective renormalized functions are fixed at an arbitrary nonvanishing momentum scale value κ (symmetry point (SP)) which renders the Feynman diagrams evaluation easier. This nonzero momentum scale has been chosen because massless diagrams have infrared divergences as powers of the external momenta. The value chosen is such that for an external momentum P i , we have
The variation of the momentum scale or equivalently the renormalization group flow from the bare to the renormalized theory is generated by the correlation length ξ. The normalization conditions are
R (P, g)
Γ (2,1)
where g is the renormalized coupling constant and Q
the eq. (8).
A multiplicative renormalization connects the bare and finite 1PI vertex parts through the field Z φ and composite field Z φ 2 renormalization constants
for (n, l) = (0, 2) (the function Γ (0,2) B , not used here, is renormalized additively), i = 1, · · · , n, j = 1, · · · , l. Defining the dimensionless bare u 0 and renormalized u coupling constants as λ 0 = u 0 κ ǫ and g = uκ ǫ , we can write the renormalization constants Z φ and Z φ 2 ≡ Z φ Z φ 2 perturbatively in powers of u.
As the bare vertex function is independent of momentum scale κ, we have κ
Applying this relation to the eq. (9) we get the renormalization group equation
where
It will be more convenient to use the function
The renormalization constants are calculated in terms of the diagrams evaluated at the symmetry point by imposing the normalization conditions (5)-(8) [24] . As the 1PI vertex parts have their external legs cut, the internal bubbles in some diagrams are identical. Thus a few diagrams are proportional between each other if we discard their symmetry factors. This is the case for the one-and two-loop diagrams
∝ for which only two are independent. When we add the twoand threeloop diagrams in our considerations we are left with just four independent diagrams to evaluate. If we write all momenta in the diagrams in units of κ, the new momenta turn out to be dimensionless and the symmetry point turns
where P µ is dimensionless and unitary. The dependence on κ of diagrams can be absorbed on the coupling constant. As in normalization conditions we have to fix the values of the external momenta, instead of , , and we have to calculate have the results (17) where
δ {µν δ ρσ} ≡ δ µν δ ρσ + δ µρ δ νσ + δ µσ δ νρ and δ µν is the Kronecker delta symbol. In the renormalization process, the poles in ǫ disappear and the β function, field and composite field anomalous dimensions turn out to be finite as required by the renormalization prescription.
Also, the dimensionless terms
are cancelled out and the dependence of these functions on K is only due to Π. This fact will be essential to our results. Thus they assume the form
Observe that they can be obtained through the LI ones if we make the transformation u (0) = Πu in the latter ones, where u (0) is the LI dimensionless renormalized coupling constant [24] [25] [26] . This is only possible owing to the cancelling of the dimensionless terms in the eq. (19) . In fact, it was shown, by a well-known coordinate redefinition, that we can remove the coefficients K µν from the original LV Lagrangian density and define an effective LI theory with its coupling constant scaled by the Π factor [12] . Thus the effective dimensionless renormalized coupling constant, Πu, for the LV theory is identified with the corresponding LI coupling constant u (0) . The Gaussian and nontrivial fixed points are achieved by the condition β(u * ) = 0. The Gaussian fixed point is the trivial solution u * = 0 and gives results for the critical exponents in the mean field approximation. The corrections to Landau theory are given by using the nontrivial fixed point evaluated from the equation in the bracket,
We see that u * ≡ u * (0) /Π, as discussed above. Then we find that the critical indices η ≡ γ φ (u * ) and ν −1 ≡ 2 − η − γ φ 2 (u * ) are identical to that of the corresponding LI theory, namely η ≡ η (0) and ν ≡ ν (0) [3] . Mathematically, this occurs in virtue of the functional form of the β, Wilson functions and nontrivial fixed point. They are such that the LV Π factor is cancelled out in the critical exponents calculation procedure. Now we present the computation of the same exponents in a massive theory in another renormalization scheme.
III. CRITICAL EXPONENTS IN THE BPHZ METHOD
In previous works, for a four-dimensional massive version of the theory studied here, the two-loop quantum contributions to the β function, field [12] and mass anomalous dimensions [13] were calculated in the BPHZ method. A more accurate determination of the field anomalous dimension was given by the evaluation of its three-loop term [14] . In this method, the β function below the critical dimension, known as Gell-Mann-Low function, is composed of the extra term −ǫu and its loop quantum corrections [30] [31] [32] . After the computation of more than fifteen diagrams and counterterms, the β function, field and mass anomalous dimensions up to next-to-leading order read
γ(u) = N + 2 36
We can also evaluate the nontrivial fixed point, with u ≡ u/(4π) 2 , and get the result
Following the notation in the ref. [19] , we also obtain the relation u * ≡ u * (0) /Π in this renormalization scheme and get the same LI critical exponents η and ν as earlier. This shows their universal character as being identical in both methods. Now we present an all-loop generalization for the critical exponents in both methods.
IV. ALL-LOOP CRITICAL EXPONENTS IN THE NORMALIZATION CONDI-TIONS AND IN THE BPHZ METHODS
It was also shown, in four-dimensional space, that the β function and the field γ and mass γ m anomalous dimensions in the BPHZ method (analogous arguments can be used
for showing similar results for the β, γ φ and γ φ 2 functions in the normalization conditions method) can be written for all-loop order [12] [13] [14] . As discussed, in d < 4 we have
where 
V. CONCLUSIONS
We have explicitly computed up to next-to-leading order and obtained for all-loop level in a proof by induction the critical exponents for Lorentz-violating O(N) λφ 4 scalar field theories by using two independent field-theoretic renormalization group methods combined with dimensional regularization and ǫ-expansion techniques. In both methods we have obtained identical critical indices, as required by universality requirements, and furthermore we have found that they are equal to their LI counterparts. The latter result says us that although the renormalization constants, the β and anomalous dimensions acquire Lorentzviolating quantum corrections, the outcome for the critical exponents was not affected by the introduction of the LV kinetic term in the Lagrangian density of the system. As it is known, the resulting effect of an operator on the critical behavior of a system or equivalently its relevance is not previously ensured by naive power-counting, but otherwise it has to be checked after the renormalization process [24] . Physically, this result is understood if we realize that the broken symmetry here is not an internal symmetry of the field (which would change the universality class of the system), but a spacetime symmetry in which the field is embedded [33] . So the critical exponents are insensible to this symmetry breaking mechanism. This result leaves our confidence greater than ever on the robustness of the statement ensuring that a set of distinct physical systems belong to the same universality class when they share identical dimension d, N and symmetry of their N-component order parameters if only short-range interactions are present. Moreover, the present Letter opens new issues on the role played by a theory with a broken spacetime symmetry on the description of universal quantities other than bulk critical exponents such as critical exponents in geometries subjected to different boundary conditions, susceptibility and specific heat amplitude ratios, scaling equations of state etc.
